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Using the concept of apparent horizon for dynamical black holes, we revisit the formation of
primordial black holes (PBH) in the early universe for both linear and non-linear regimes. First,
we develop the perturbation theory for spherically symmetric spacetimes to study the formation
of spherical PBHs in linear regime and we fix two gauges. We also introduce a well defined gauge
invariant quantity for the expansion. Using this quantity, we argue that PBHs do not form in the
linear regime. Finally, we study the non-linear regime. We adopt the spherical collapse picture by
taking a closed FRW model in the radiation dominated era to investigate PBH formation. Taking
the initial condition of the spherical collapse from the linear theory of perturbations, we allow for
both density and velocity perturbations. Our model gives a constraint on the velocity perturbation.
This model also predicts that the apparent horizon of PBHs forms when δ > 3. Applying the sound
horizon constraint, we have shown the threshold value of density perturbations at horizon re-entry
must be larger than δth > 0.7 to overcome the pressure gradients.
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I. INTRODUCTION
In the standard model of cosmology, the astrophysical objects are originated from the early universe
quantum fluctuations which became classical as they were stretched to superhorizon scales in an expo-
nentially expanding period. If the density perturbations exceed some threshold value, primordial black
holes (PBHs) might form. Many numerical investigations have been done to study the threshold value of
the density perturbations. [1–3, 5]. The threshold in terms of metric perturbations is investigated in [4].
See Reference [6] for recent numerical studies and references therein. Many studies are focused on these
black holes since these black holes are the most important candidate for the Hawking radiation of black
holes [7]. Moreover, the dark nature of these black holes could make them one of the nominated objects
for some fraction of the dark matter [8].
The evolving nature of the universe reveals that the primordial black holes are classified as dynamical
black holes [9]. These black holes belong to the larger class of cosmological black holes which evolve in
the FRW background. In contrast to the stationary black hole cases, we need a more subtle approach
to define mass [10], horizon [11] and Hawking radiation scenario [12, 13] for these black holes. Located
in the cosmological expanding background, the cosmological black holes have special properties at late
times [14]. As stated, the other important feature of the black holes is the black hole horizon. The
event horizon is often attributed as the black hole boundary. But the global nature of event horizon is
not appropriate for evolving black holes which are studied in the numerical relativity. Consequently, the
apparent horizon is used to distinguish the black hole boundary in general cases. The apparent horizon
is not a global quantity and it is quantified by the expansion of the null geodesics.
Early works by Carr et. al [1] put a lower and an upper threshold for density contrast for PBH
formation. But recently Kopp, Hofmann, and Weller [15] have shown that the maximum value δmax is
not directly related to the separate universe but to the geometry of the over-dense region. Moreover,
even when the density perturbation is greater than the threshold value, this does not guarantee that
PBHs form. The necessary and essential condition is formation of the black hole’s apparent horizon
which means that the trapped surface forms. It is not explicitly mentioned if PBH form in the linear
regimes and superhorizon scales. The other point not taken into account in analytical models is matching
to linear initial fluctuations.
In this work we revisit the problem of PBH formation in both linear and non-linear regimes. In the
linear regime we first revisit the PBH formation with emphasis on gauge invariance of its apparent horizon.
3To do so, we first develop the linear perturbation theory for spherically symmetric perturbations to study
the primordial black holes formation in Section II. We use this gauge invariant quantity to argue that
PBHs do not form in linear regime. Section III is devoted to the PBH formation in non-linear regime
with emphasis on initial conditions. We employ a spherical collapse model to find the threshold value of
PBH formation. Our model initial condition is set by perturbation theory at early times. We show that
when a black-hole forms, the density contrast δ has the universal value 3. We then estimate the threshold
value of the density contrast at horizon re-entry necessary for PBH formation. Finally, we conclude in
section IV.
II. PBH FORMATION IN LINEAR REGIME
In the standard model of cosmology it is known that all structures form from the early universe density
perturbations which also leave some imprints on the CMB as fluctuations on the average temperature we
measure. The wavelength of the perturbations were greater than the Hubble horizon at that time. When
these linear perturbations enter the Hubble horizon they might start growing and eventually collapse
into non-linear structures. In this section, we consider the possibility that primordial black holes form in
the linear regime. Since we study the formation of PBHs with spherical symmetry, we will start off by
studying spherically symmetric perturbations.
A. Perturbation theory with a symmetry
To study the precise behavior of the PBHs, we need to do simulations in numerical relativity which
is complicated except for simplified models. But analytical calculations may provide physical insights
into the very nature of black hole formation. Considering a black hole with spherical symmetry is one of
the most common assumptions that allows us to define many analytical quantities such as mass, horizon
and light cone dynamics [11]. The general perturbation theory on spherically symmetric backgrounds
is presented in appendix B and Einstein equations in appendix C. In this section we assume spherical
perturbations.
Suppose, we have a background which is perturbed as we keep the spherical symmetry. This means
that the Lie derivative of the perturbed metric vanishes with respect to its killing vectors. To first order
we have
£ε¯+δε(g¯ + δg) = 0, (1)
where εs are the killing vectors. If we make a gauge transformation, the perturbed metric will transform
as
δ˜g = δg −£∆xg¯. (2)
The killing vectors also transform as
δ˜ε = δε−£∆xε¯. (3)
To have spherical symmetry we require that
£ε¯+δ˜ε(g¯ + δg −£∆xg¯) = 0. (4)
Up to the first order we have
(££∆xε¯ +£ε¯£∆x) g¯ = 0. (5)
We further suppose that £∆xε¯ = 0. This means that our killing vectors are left invariant by our
transformation. We should also have £ε¯£∆xg¯ = 0 which means that the tensor £∆xg¯ is spherically
symmetric. To illuminate this more, we will derive explicitly how the metric transforms. The most
general metric with spherical symmetry is written as
ds2 = g00(t, r)dt
2 + 2g0r(t, r)dtdr + g(t, r)dr
2 + f(t, r)r2dΩ2, (6)
4We have taken the flat FRW as our background metric. We require that our transformed metric should
keep the same form after the transformation xu → xµ + ǫu. Up to the first order, we have
ds2 =− dt2 + a2dr2 + a2r2(dθ2 + sin(θ)2dϕ2) (7)
=− dt2 + a2dr2 + a(t− ǫ0)2(r − εr)2dΩ2 − 2ǫ0,tdt2 − 2ǫ0,idxidt+ a2(t− ǫ0)dr2
+ 2a2(t− ǫ0)ǫr,tdrdt+ 2a2(t− ǫ0)ǫr,idr dxi. (8)
where i represents spatial indexes. We find that the most general transformation is given by
ǫ = (ǫ0(t, r), ǫr(t, r),K(S2)), (9)
where K(S2) are the killing vectors on the sphere.
B. Transformation of perturbations
In this part we derive how perturbations transform under the gauge transformation given by the
equation (9). We have a perturbed metric as
ds2 = (−a2 + δg00(t, r))dt2 + (a2 + δgrr(t, r))dr2 + 2g0r(t, r)drdt + a2r2(1− 2E(t, r))dΩ2 (10)
= (−a2(1− 2Hǫ0) + 2a2ǫ0,0 + δg00)dt2 + (a2(1 + 2Hǫ0) + 2a2ǫr,r + δgrr)dr2+
2(−a2ǫ0,r + a2ǫr,t + 2g0r)dtdr + a2(1 + 2Hǫ0)(r2 + 2ǫrr − 2E)dΩ2, (11)
where H is the conformal Hubble’s rate. We find that the transformations for perturbed quantities can
be written as
δg˜00 = −2a2ϕ = δg00 + 2a2ǫ0,0 + 2Ha2ǫ0, (12)
δg˜0r = a
2B = δg0r − a2ǫr,t + a2ǫ0,r,
δg˜rr = −2a2ψ = δgrr + 2a2ǫr,r + 2Ha2ǫ0,
δg˜θθ = −2a2E˜ = (−2E + 2Ha2ǫ0 + 2a2 ǫrr )g¯θθ.
Finally, the metric perturbations will transform as
δϕ = −(ǫ0,0 +Hǫ0), (13)
δψ = −ǫr,r −Hǫ0, (14)
δB = −ǫr,t + ǫ0,r, (15)
δE = − ǫ
r
r
−Hǫ0. (16)
We know that any scalar S such as δρ also transforms as
δS = −(ǫ0∂tS¯ + ǫr∂rS¯). (17)
Expansion for null geodesics (A4) transforms as
δΘ = −(ǫ0∂tΘ¯ + ǫr∂rΘ¯), (18)
where Θ depends on time and space in the background. This equation shows that the expansion is not
a gauge invariant quantity and should be used with care.
In geometric optic approximation, a null vector is perpendicular to constant phase surfaces which
are effectively two dimensional. Consider a light bundle, two neighboring rays are separated by the
amount ξA in this two dimensional space. The trace of the fractional change matrix ( dξ˙
A
dξB
), where dot
denotes covariant derivative along the null direction, is the expansion. The expansion also quantifies the
fractional change of the surface area between neighboring rays. A more rigorous introduction can be
found in appendix A.
5C. Gauge fixing
Whenever we have perturbed quantities defined on some averaged background in general relativity, we
have to define the surface on which this average is taken. As we change the coordinates, the value of
these perturbations will change. This has to do with the fact that not all degrees of freedom are physical
in perturbation theory. Hence, we face the notion of gauge fixing. One solution is to find quantities
that are invariant under coordinate transformations. These gauge invariant quantities are not unique.
Some are defined using only metric perturbation as we have for Bardeen potentials, while some may be
constructed using metric and matter perturbations. In this section we denote matter density and matter
perturbation by ρ and δρ respectively. The matter perturbation will transform as δρ˜ = δρ−£ερ¯.
We define two new gauge invariant quantities as
Φ = ϕ− 1
a
∂
∂t
(
aδρ
˙¯ρ
), (19)
Ψ = ψ − Hδρ
˙¯ρ
+ (r(−E +Hδρ
˙¯ρ
)),r. (20)
Note that because we constructed these gauge invariant quantities using matter perturbations and metric
perturbations, they do not correspond to Newtonian gauge potentials.
• Uniform density gauge: In this gauge we set δρ = E = 0. By setting δρ = 0, we fixed the
temporal gauge freedom ε0. Using equation (16) we find that spatial gauge freedom can now be
fixed by setting E = 0. The gauge is completely fixed in this case.
The expansion in this gauge is
Θ =
√
2
ra
(r(1 − ϕ)H + (1 + ψ −B)) . (21)
• Newtonian like gauge: Another gauge is given by setting E = B = 0. When we set E = 0 we
have ǫr = −rHǫ0. When we set B = 0 we have
∂t(Hǫ0) + ∂rǫ
0
r
= 0. (22)
Let usS introduce the new variables H∂t = ∂η and ∂rr = ∂R to solve this equation. The solution is
A = Hǫ0 = f(η −R), (23)
where f(η −R) is any well behaved function of (η −R). In this case the gauge is partially fixed as
we have the remaining gauge freedom by equation (23). In this gauge
Θ =
√
2
ra
(Hr(1 − ϕ) + 1 + ψ) . (24)
D. Gauge invariant definition for expansion
Using the equation (18), we define a gauge invariant expansion as
Θ˜ = Θ− ∂tΘ¯δρ˙¯ρ + ∂rΘ¯(−rE + rH
δρ
˙¯ρ
). (25)
This gauge invariant quantity reduces to the expansion in the uniform density gauge where we have
δρ = E = 0. As a result, the expansion in this gauge has a physical meaning and its value is invariant.
Since the uniform density gauge has the advantage that all perturbations are captured in the metric, the
6expansion defined in this gauge is a pure geometric quantity.
The expansion for outgoing null geodesics in the flat FRW background is
Θ =
√
2
ra
(Hr + 1) . (26)
Note that this quantity never vanishes for out going null geodesics in the background. It is crucial to
note that expansion does vanish for ingoing null geodesics at rcos =
1
H . As described in the Appendix A,
this surface is the cosmological horizon, while a black hole is defined by vanishing outgoing expansion.
In other words a homogeneous and isotropic universe never forms a black hole regardless of its density.
We can use this gauge invariant expansion to answer our main point that linear perturbations do
not result in black hole formation. The equations (25), (21) and (24) reveal that as long as we have
|gab| ≫ |δgab| the outgoing expansion is nonzero. As a result, we do not have black holes inside the
cosmological horizon in the linear regime. This is in contrast to the intuition that in early universe when
density is high, small perturbations lead to black holes.
E. PBH formation in the long wavelength limit
One interesting scenario is that perturbations collapse to black holes when they are already outside
the horizon. We argue this can not occur. Although to study this scenario the linear perturbation
theory we used in the last section can be applied here, if the superhorizon perturbations are linear, the
superhorizon limit can be studied in a different way. The superhorizon limit has the advantage that the
full non-linear equations can be simplified without assuming that potential perturbations are small. To
study this scenario we need the long wavelength limit of full non-linear equations. The method, named
gradient expansion, has been proved useful in studying the early universe models [20]. In this method
each quantity is expanded in powers of ǫ = kH . This method has been extended to PBHs to set their
initial conditions outside the horizon [4]. We just give the main points here.
Before taking the long wave length limit, the metric is written in a conformally decomposed form as
ds2 = −(α2 − ψ4β2r2)dt2 + 2ψ4a2βrdrdt + ψ4a2(dr2 + r2dΩ2), (27)
where a is the scale factor. The extrinsic curvature is also decomposed to trace and traceless parts as
Kij = ψ
4a2A˜ij +
ψ4a2γ˜ijK
3 where γ˜ij is the spatial flat metric in spherical coordinates. Expansion in this
metric is given by
Θ = 2
a˙
a
+A+
1
ψ2a
(
2
r
+
4∂rψ
ψ
), (28)
and A = A˜rr. To know the value of the expansion on superhorizon scales we will need to estimate the order
of magnitude for ψ and its first derivative ∂rψ. In the gradient expansion, it is assumed that δρ = O(ǫ2)
and the gradient of any variable is ∂iψ = ψ×O(ǫ). The long wave length limit of other variables is found
using the 3 + 1 formalism equations. This assumption leads to ψ − 1 ∼ O(ǫ0), ∂rψ ∼ O(ǫ1) [4, 17]. It is
important to note that here ψ is not necessary small. It is found that the first term is positive and the
third term in negligible. As a result, a black hole will not form as long as the perturbations are outside
the Hubble horizon.
III. PBH FORMATION IN NON-LINEAR REGIME: SPHERICAL COLLAPSE IN
RADIATION ERA
We showed that black holes do not form in the linear regime and superhorizon scales. Now we consider
the non-linear regime. While, the non-linear study of black-hole formation in radiation era can be done in
numerical relativity, analytical models can help to illuminate our physical intuition. To study black hole
7formation in non-linear regime we consider a toy model. We take the spherical collapse of an over-dense
sphere in a flat FRW radiation-filled background. This region is modeled by a closed FRW metric. We
also include velocity perturbation in our model in terms of different Hubble’s expansion rates. We show
that the overdensity of the collapsing region is non-linear when the apparent horizon forms and when
initial density perturbations are small.
By demanding that our initial conditions match the perturbation theory we find a constraint on the
value of δh0 which is the initial Hubble’ rate perturbation. The value of the overdensity at horizon entry is
found by demanding to have the sound horizon inside the cosmological horizon. This results in δ0 = 0.7.
Since the value of δ0 is related to the primordial power spectrum which is set by inflation, the inflationary
perturbations should have substantial power at that scale to form primordial black holes.
Adopting the spherical collapse model for the PBH formation, we assign a spherically averaged over-
density δ(R, t) to every over-dense patch. The smoothed overdensity can be found via applying an
appropriate window function. Generally, the window function picks up only long modes with wavelength
larger than the smoothing scale. This can be justified as the (spatial) oscillations of the short modes
q & 1/R are averaged out on the smoothing scale R. Hence, we assume the following uniform overdensity
δsc for the fluctuations
δsc =
∫
d3q δ(q)|W (qR)|2. (29)
This is roughly equal to δsc ≈
√
P(k)|k∼ 1
R
=
√
k3
2πP (k)|k∼ 1R . That is our amplitude is related to the
square root of the primordial power spectrum evaluated at the scale R.
According to the Birkhoff theorem, the geometry of a spherically symmetric homogeneous over-dense
region is well described by a FRW metric
ds2 = −dt2 +R(t)2(dχ2 + sin2(χ)dΩ2), (30)
with a density ρ = ρ¯(1+ δ0) where δ0 is the initial density contrast and K is the curvature constant. The
Friedmann equation for this region is given by
H˜2 =
D
R4
− K
R2
, (31)
where D = 8πGρ¯(1 + δ0)R
4
0/3 quantifies the total initial energy of the over-dense region. Using the
apparent horizon definition in the Appendix A, it can be shown that the apparent horizon is located at
R˙ = cot(χ). (32)
In the case that the black hole boundary is the χ = π2 surface, the apparent horizon or the black hole
boundary will be located at the turnaround point, where we have R˙ = 0.
Using the equation (31), we will obtain the scale factor of the collapsing sphere R(t) as
R(t) =
√
R20 +
√
4D − 4KR20 (t− t0)−K(t− t0)2. (33)
The over-dense region first expands till the time of maximum extension tm and collapses afterwards,
which is named as turnaround. The maximum extension Rm is found to be
Rm =
√
D
K
. (34)
The turnaround time is
tm =
√
D −KR02
K
+ t0. (35)
In order to find the exact time dependence of the radius of collapsing sphere, one has to determine the
effective curvature of over-dense region. To this end, the initial condition for this problem can be fixed
8at early times well before t ≪ tm. The linear theory predicts that at very early times, the overdensity
goes as δρ(t) ∼ a(t) where a(t) = 4
√
4A t
1
2 is the scale factor of the FRW background .
Let us assume, without any reference to the linear theory, the following initial condition for the radial
velocity of the over-dense sphere
R˙(t0)
R(t0)
≡ H˜0 = H0(1 + δh0 ), (36)
where H0 denotes the Hubble parameter of the background metric and δ
h
0 is the initial Hubble parameter
perturbation. Using the Friedmann equation (31), this initial condition totally determines the curvature
constant of the interior metric as
K = R20(D/R
4
0 − H˜20 ) = R20H20
[
(1 + δ0)− (1 + δh0 )2
]
. (37)
Using the above relation, the overdensity at turnaround is found to be
δ(tm) =
ρsc − ρ¯
ρ¯
∣∣∣
tm
= 3 + δo
2 − 4 δh0
2
+O(δ3). (38)
This interesting result shows that the overdensity at turnaround has the universal value of 3 up to
corrections of the second order of the initial perturbations. This result emphasizes that at turnaround
t = tm, when the apparent horizon forms and collapse starts, the overdensity is already non-linear.
The next step would be specifying the initial condition of the spherical collapse. At early times well
before the curvature term dominates and the dynamics of the over-dense region leads to recollapse, the
evolution of the smoothed patch must coincide with the linear perturbation theory. Specifically the
prediction of the spherical collapse model for the evolution of an overdensity must match the evolution
of an overdensity in the linear theory
δ(t) ∼ a2(t). (39)
Expanding (33) for early times to linear order of the perturbations and noting that a(t) = 4
√
4A t
1
2 ,
overdensity of the collapsing region is derived as
δ = (δ0 − 2δh0 )H0t+
δ0 + 2δ
h
0
4H0t
. (40)
As time elapses, the decaying solution decays and we get
δ = (δ0/2− δh0 ) t/t0, (41)
in which we have used the the fact that in the radiation dominated universe one has, H(t) = 1/2t.
By trying to match this result with what we expect from the linear theory, we find a very important
constraint for the velocity perturbation as
δh0 = −δ0/2, (42)
That is if the spherical collapse model is to be considered a linear perturbation, its velocity perturbation
must be minus half of its density perturbation.
Let us now set our initial condition when the central region enters the background horizon a0 =
2
πH
and
t0 =
1
2H0
and use the initial condition on δh0 which we obtained. The behavior of a medium to collapse
under its own gravity is determined by a length scale, named Jeans length, where pressure gradients tend
to oppose the collapse. The Jeans length for a fluid with sound speed cs is given by lj = cs
√
π
Gρ
. However,
this scale is derived using Newtonian considerations in the perturbation theory. Since we study black
holes in radiation dominated era, we will need a relativistic definition. One could say that the physical
length when horizon forms, turnaround time in our model, should be less than the sound horizon [16].
The sound horizon is defined by
Lj =
1√
3
a(tm)
∫ tm
t0
dt′
a(t′)
. (43)
9FIG. 1. The physical sound horizon Lj and Rmax =
pi
2
Rm. Allowed region is where sound horizon is inside
the apparent horizon. The dashed line and the thick line represent the sound horizon and the apparent horizon
respectively.
The figure (1) shows the physical sound horizon and physical turnaround radius for different δ0. We
find that in the case of perturbative initial conditions, the threshold value of density perturbation at
horizon entry must be larger than 0.7 to overcome the pressure gradients. This requires that the initial
perturbations have enough power at the entry scale. However, this is not the case with simple models
of inflation. Note that pasting the initial conditions to the perturbation theory solution is different than
taking uniform Hubble slicing as implemented in [16]. By pasting our solution we are mildly taking in to
account the pressure gradients initially. Hence, we have larger threshold.
IV. CONCLUSION
In this paper our aim is twofold. We apply the concept of apparent horizon for dynamical black holes to
revisit the formation of primordial black holes in the early universe for both linear and non-linear regimes.
Given that the event horizon is limited by the global nature of spacetime evolution, it is advantageous
to define a black hole by its apparent horizon. The apparent horizon is quantified by the expansion of
null geodesics which distinguishes the trapped surface in the black hole case.
First, we develop the perturbation theory in the spherically symmetric spacetime and then we fix two
gauges. We also define a gauge invariant quantity for the expansion of null geodesics. We have shown
that it is not possible to have trapped surfaces in linear and superhorizon regimes. Hence, the primordial
black holes cannot form in these cases. One may think that in the early universe where density is very
high, any perturbation can lead to a black hole. But this work shows that in the linear regime the black
holes can not form even when we have high densities.
In non-linear regime, we implemented a closed FRW to model the collapse of primordial black holes in
the radiation dominated era. In our model the boundary of the collapsing region is located at χ = π/2.
The turnaround point coincides with the black hole apparent horizon. We use the initial condition
from the perturbation theory as we want our model to be linear initially. Our approach allows to have
density and velocity perturbations. Most important results are that this model gives a constraint for the
matching condition and the primordial black hole’s overdensity at the onset of the black hole formation
has the universal value δ > 3. This verifies our result that the Primordial black holes will form in the
non-linear regime. Applying the sound horizon constraint, we have shown that the threshold value of
density perturbations at horizon re-entry must be larger than δth > 0.7 to overcome the pressure gradients.
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Appendix A: Light cone dynamics
Let S be a closed and orientable two-surface which is (smoothly) embedded in a four-dimensional
time-oriented spacetime (M, gab) which has a metric compatible covariant derivative ∇a. There are just
two future-directed null directions normal to S. Let ℓa and na be null vector fields pointing in these
directions; in situations where this is meaningful we will always take ℓa and na as outgoing and ingoing
respectively. If we further suppose that ℓ · n = −1 then there is only one remaining degree of rescaling
freedom in the definition of these vector fields.
The intrinsic geometry of S is defined by the induced metric. The definition of these quantities is
independent of the choice of null vectors made above. Nevertheless, for our purposes it is most useful to
express them in terms of these vectors. Hence, the induced metric on S can be written as
qab = gab + ℓanb + ℓbna. (A1)
The covariant derivative operator da = q
b
a∇b and (two-dimensional) Ricci scalar R˜ are defined on this
two-surface. The extrinsic geometry which shows how S is embedded in M . The extrinsic curvature is
defined by how the a normal vectors change over S as in the usual way. The extrinsic curvatures are
k
(ℓ)
ab = q
c
aq
d
b∇cℓd and k(n)ab = qcaqdb∇cnd . (A2)
We can decompose the extrinsic curvatures as
k
(ℓ)
ab =
1
2
θℓqab + σ
(ℓ)
ab and k
(n)
ab =
1
2
Θnqab + σ
(n)
ab . (A3)
where
Θ(ℓ) = q
ab∇aℓb and Θ(n) = qab∇anb , (A4)
are the expansions which are the traces of the extrinsic curvatures and the shears
σ
(ℓ)
ab ≡
(
qc(aq
d
b) −
1
2
qabq
cd
)
∇cℓd and σ(n)ab ≡
(
qc(aq
d
b) −
1
2
qabq
cd
)
∇cnd , (A5)
are the trace-free parts. The rotation tensors are
w
(ℓ)
ab ≡ qc[aqdb]∇cℓd and w(n)ab ≡ qc[aqdb]∇cnd. (A6)
Here () and [ ] denote symmetrization and antisymmetrization of indexes. For hypersurface orthogonal
null foliation [19] the rotation tensor is zero. If we define
κX = −naXb∇bℓa, (A7)
the Raychaudhuri equation will be
£ℓΘ(ℓ) = κℓΘ(ℓ) − (1/2)Θ2(ℓ) − σ(ℓ)ab σ(ℓ)ab −Gabℓaℓb . (A8)
In the case of the affine parameter for ℓ, we find that the κℓ = 0. Similar equation for null geodesic is
£nΘ(ℓ) = −R˜/2 + wawa − dawa +Gabℓanb, (A9)
where is wa = −qbanc∇bℓc. In the spherically symmetric case
ds2 = −eν(t,r)dt2 + eψ(t,r)dr2 +R(t, r)2dΩ2, (A10)
and shear free foliation, these two equations reduce to
£ℓΘ(ℓ) = κℓΘ(ℓ) − (1/2)Θ2(ℓ) −Gabℓaℓb,
£nΘ(ℓ) = −
1
R2
+ΘℓΘn +Gabℓ
anb. (A11)
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We can define the marginally trapped surface H¯ as Θℓ = 0 and this surface is foliated by spacelike two
spheres. We can always write a tangent vector to H¯ as
V a = ℓa − Cna (A12)
Since on the H¯ we have £VΘ(ℓ) = 0 we find that
C =
£ℓΘ(ℓ)
£nΘ(ℓ)
|H = Gabℓ
aℓb
1
R2
−Gabℓanb
. (A13)
Black hole definition: A smooth, three-dimensional, space-like sub-manifold (possibly with bound-
ary) H¯ of spacetime is said to be a trapping horizon if it can be foliated by a family of closed 2-manifolds
such that on each leaf S the expansion Θ(ℓ) of one null normal ℓ
µ vanishes; and the expansion Θ(n) < 0
of the other null normal nµ is negative. This surface separates the trapped surface, Θ(n),Θ(ℓ) < 0, from
untrapped one Θ(n) < 0, Θ(ℓ) > 0.
There are diverse definition for the black hole boundary in the dynamical cases. One definition is
the dynamical horizon as the black hole boundary [9] which is a spacelike trapping horizon. A foliation
independent definition for the apparent horizon comes from trapping boundary which is boundary of all
trapped surfaces.
Similarly, the cosmological horizon is defined as the closed 2-manifolds such that on each leaf S the
expansion Θ(n) = 0 of one null normal n
µ vanishes; and the expansion Θ(ℓ) > 0 of the other null normal
ℓµ is positive.
Appendix B: Spherical symmetric perturbation in terms of spherical harmonics
Perturbations of spherically symmetric spacetimes are best studied in 2 + 2 decomposition. The per-
turbations are expanded in spherical harmonic bases and are decomposed under parity transformation to
odd parity and even parity. Gauge invariant expressions can be constructed for each case. But l = 0, 1
should be studied separately. In this section we will review perturbations of spherically symmetric
spacetimes [18].
We have a background metric which we write as
ds2 = gABdx
AdxB + r(xA)2habdx
adxb. (B1)
Scalar perturbations are expanded in Y lm. Vector bases are constructed for even parity as
Y lm,a, (B2)
and for odd parity as
Slm = ε
b
aY
l
m,b, (B3)
where εab is the antisymmetric Levi-Civita tensor and lower Latin indexes refer to polar angels. Even
parity tensors are given by
Y lmhab, (B4)
Z lm = Y
l
m:ab +
l(l + 1)
2
Y lmhab,
and odd parity tensors by
Slm:ab + S
l
m:ba, (B5)
In linear regime Y lm with different l,m are decoupled. Even and odd parity perturbations are also
decoupled.
A gauge transformation could be given by εµ = (ζY
l
m, r
2εY lm,a + r
2MSa). We have three degree of
freedom for odd parity perturbations and one odd parity degree of freedom from gauge transformations
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leaving two odd parity gauge invariant perturbations. We can remove three degrees of freedom by
gauge transformations for odd parity perturbations. We are left with four even parity gauge invariant
perturbations. We write the metric in the case of odd parity perturbations as
goddµν =
(
0 hASa
hASa h(Sa:b + Sb:a)
)
, (B6)
and in the case of even parity perturbations as
gevenµν =
(
hABY
l
m HAY
l
m,a
HAY
l
m,a r
2(KY lmhab +GY
l
m:ab)
)
1. gauge invariant perturbations
The even parity gauge invariant perturbations are given by
kAB =hAB − (pA|B + pB|A) (B7)
k = K − 2vApA
where vA =
r|A
r
and pA = HA − 12r2G|A. The odd parity perturbations are
kA = hA − r2( h
r2
)|A. (B8)
The gauge in which h = HA = G = 0 is called Regge-Wheeler gauge.
Appendix C: Einstein’s equations
In this section we write the Einstein equations for spherical perturbations of a flat FRW universe with
a prefect fluid with the equation of state P = ωρ. The metric is presented by the equation (12). In
Newtonian-like gauge perturbation equations are
δG00 =
2a′(t)∂tψ
a(t)
+
2ψ
r2
+
2∂rψ
r
(C1)
δG01 =
2∂tψ
r
− 2a
′(t)∂rΦ
a(t)
δG11 = −4a
′′(t)Φ
a(t)
− 4a
′′(t)ψ
a(t)
− 2a
′(t)∂tΦ
a(t)
+
2a′(t)2Φ
a(t)2
+
2a′(t)2ψ
a(t)2
− 2ψ
r2
(C2)
− 2∂rΦ
r
δG22 = −4r
2a′′(t)Φ
a(t)
− 2r
2a′(t)∂tΦ
a(t)
+
2r2a′(t)2Φ
a(t)2
− 2r
2a′(t)∂tψ
a(t)
− r2∂2rΦ (C3)
−r2∂2t ψ − r∂rΦ− r∂rψ
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In the uniform density gauge we have
G00 =
2
(
r2a′(t)B(0,1)(t, r) + 2ra′(t)B(t, r) + r2a′(t)ψ(1,0)(t, r) + ra(t)ψ(0,1)(t, r) + a(t)ψ(t, r)
)
r2a(t)
(C4)
G01 =
2a′′(t)B(t, r)
a(t)
− a
′(t)2B(t, r)
a(t)2
− 2a
′(t)Φ(0,1)(t, r)
a(t)
+
2ψ(1,0)(t, r)
r
(C5)
G11 = −4a
′′(t)Φ(t, r)
a(t)
− 4a
′′(t)ψ(t, r)
a(t)
− 4a
′(t)B(t, r)
ra(t)
− 2a
′(t)Φ(1,0)(t, r)
a(t)
+
2a′(t)2Φ(t, r)
a(t)2
+ (C6)
2a′(t)2ψ(t, r)
a(t)2
− 2B
(1,0)(t, r)
r
− 2ψ(t, r)
r2
− 2Φ
(0,1)(t, r)
r
(C7)
G22 = −4r
2a′′(t)Φ(t, r)
a(t)
− 2r
2a′(t)B(0,1)(t, r)
a(t)
− 2ra
′(t)B(t, r)
a(t)
− 2r
2a′(t)Φ(1,0)(t, r)
a(t)
(C8)
+
2r2a′(t)2Φ(t, r)
a(t)2
− 2r
2a′(t)ψ(1,0)(t, r)
a(t)
− r2B(1,1)(t, r)− rB(1,0)(t, r) − r2Φ(0,2)(t, r) (C9)
− r2ψ(2,0)(t, r)− rΦ(0,1)(t, r) − rψ(0,1)(t, r), (C10)
where (i, j) means ith derivative with respect to the first argument and jth derivative with respect to the
second argument.
Perturbations of the prefect fluid in a general gauge are given by
δT00 = a
2δρ+ 2ρa2φ, (C11)
δT01 = a(1 + ω)ρ¯δu1 + a
2ωBρ¯, (C12)
δT11 = −2a2ωρ¯ψ + a2ωδρ, (C13)
δTab = ωρ¯δgab + ωg¯abδρ, (C14)
where δu1 is the radial velocity perturbation.
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